BROWNIAN INTERSECTION LOCAL TIMES: 
EXPONENTIAL MOMENTS AND LAW OF LARGE MASSES 



By Wolfgang Konig and Peter Morters 
Technische Universitdt Berlin, and University of Bath 

Abstract: Consider p independent Brownian motions in R'^, each running up to its first 
exit time from an open domain B, and their intersection local time £ as a measure on B. We 
give a sharp criterion for the finiteness of exponential moments, 



E 



exp 



n 



/p 



where ipi, . . . , ipn are nonnegative, bounded functions with compact support in B. We also 
derive a law of large numbers for intersection local time conditioned to have large total mass. 

1. Introduction and statement of results 



1.1 Introduction 

Much of our knowledge about Brownian occupation times goes back to the celebrated Feynman-Kac 
formula, see e.g. {Fe48. Ka if) for original sources and ^FP99j for an excellent survey. The formula is 
also at the heart of results relating Brownian motion and a vast number of differential equations, see 
|BS02j for an impressive account. To formulate one of many versions of the Feynman-Kac formula, 
let i? C M*^ be a bounded open domain and suppose that Vl^ is a Brownian motion started in x G -B. 
Let q: 5 — > [0, oo) be a Borel measurable function and T the first exit time of the Brownian motion 
W from B. Then the function /: B ^ [0, oo] given by 

rT 



fix) = E,. 



exp 



q{W{s))ds 



for X G B, 



is the minimal positive solution of the equation 



/(x) = l+ / Gix,y)f{y)q{y)dy, 



(1.1) 



(1.2) 

where G is the Green function for Brownian motion killed on the boundary of B, see e.g. |FP99l (8)]. 
Hence, the exponential moments in (jl.lj) are finite if and only if there exists a finite positive solution 
to (Hm). 

An explicit criterion for the finiteness of the exponential moments in (|1.1|1 . given in terms of a 
variational formula, is due to Pinsky |Pi86j . Assuming that S is a bounded, open domain with a 
C^-boundary, for any continuous function q: i? ^ M, define 



lq,B = sup 
Pinsky shows that 

E, 



j{x)ij{xf dx - i||VV||i : e ^o(^), / Hxf dx = l} 



exp / q{W{s)) ds 





< oo for all x G B if Ig^s < 0, 
= oo for all x & B if Ig^s > 0. 



(1.3) 
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His main tool is the Donsker- Varadhan large deviation theory for the occupation measure of Brownian 
motion. 

Whereas we have an almost complete understanding of occupation times of one Brownian path, 
we know much less about the intersection of several independent Brownian paths, where the role of 
occupation times is played by intersection local times. A major reason for this lack of understanding is 
that we do not know the natural analogues of the two crucial tools in our understanding of occupation 
measures, the Feynman-Kac formula and the Donsker- Varadhan large deviation theory. However, 
there is every indication that the relation of intersection local times and differential equations is as 
rich and exciting as in the case of a single Brownian motion. Maybe even more so, as the equations 
appearing in this context turn out to be nonlinear and the analytical theory of these equations knows 
more open problems than answers. 

In this paper, as a first step into this new territory, we investigate the existence of exponential moments 
for intersection local times of p Brownian motions in W^. In analogy to I^IA^ we give a finiteness 
criterion for exponential moments of integrals of intersection local time against a large class of test 
functions. In the absence of the two crucial tools mentioned before, our arguments rely heavily on 
combinatorial and analytical methods. As a consequence of our approach, we are able to prove a law 
of large numbers (or, more accurately, large masses) which relates the asymptotic shape of intersection 
local time to a natural nonlinear partial differential equation. 

1.2 Brownian intersection local times 

Suppose that B C M'^, with d > 1, is an open set. The set B is assumed to be bounded if d < 2, 
except that we allow B = W^, if d > 3. Let p > 1 be an integer, x = (xi, . . . ,Xp) G B^, and assume 
that a family of p independent Brownian motions 

iWHt):tG[0,oo)),...,{WPit):te[0,^)) 

in M'^ with H^-'^(O) = xi, . . . ,WP{0) = Xp are realized on a probability space {Q,J^,Fx). Denote the 
corresponding expectation by E^. Each motion is killed at the first exit time T* = inf{t > 0: W^{t) 
B} from B if this time is finite. By classical results of Dvoretzky, Erdos, Kakutani and Taylor, 
p{d — 2) < d is equivalent to the fact that the paths of the p motions have a positive probability of 
intersecting in a point other than their starting point. In this case there exists a locally finite measure, 
the (projected) intersection local time measure i, which can symbolically be described by the formula 

i{A)= [ dyT\ [ ds5y{W\s)), for A C M"^ Borel. (1.4) 

J A Jo 

Heuristically, i{A) measures the amount of intersection of the p Brownian paths in the set A before 
they are killed. The measure £ is a random element of the space Ai{B) of nonnegative, locally finite 
measures on B, which is equipped with the vague topology. £ is nontrivial with positive probability 
and, if A is a bounded set, £{A) is almost surely finite. If A is unbounded, then i{A) may be equal to 
oo with positive probability. 

We always assume that p{d — 2) < d. This includes the following cases, 

• p = 1, d arbitrary. In this case i degenerates to the occupation measure of a single Brownian 
path, 

i{A) = / ds 1a{W^{s)), for AcR'^ Borel. 

Jo 

Our main result. Theorem I l.H is essentially contained in |Pi86j . see Remark ^ for a compar- 
ison. Theorem II .41 seems to be new even in this case. 
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d = 1, p > 2 arbitrary. In this case the symbolic formula p.4|) makes sense using local time. 
Indeed, if {L'^{x) : x G M) is the family of local times of the stopped Brownian motion VF*, 

i.e., the continuous density of the occupation measure Jq ds d^nf^g-^, we define 

r ^ 

1{A)= I dyWL\y), for ^ C M Borel. 

■'A i=i 

d = 2, p > 2 arbitrary, and d = 3, p = 2. In these most interesting cases, the local times do 
not exist and substantial work is needed to turn (|1.4|) into a rigorous definition. See Section 2 
of jKM02j for a short survey on three rigorous constructions of i in these cases. 



We would like to mention (see |LG87l lLG89j ) that if d > 2, almost surely, i is equal to a Hausdorff 
measure on the set S := W^[0,T^) n . . . n WP[0,TP) with some deterministic gauge function. This 
fact underlines that i is the natural measure on the intersection of the paths. 

1.3 The main result 

Let ip: B ^ [0,co) be bounded with compact support in B. If /i is a measure on B we write 
= / (fdn- Suppose now that 93 is positive on a set of positive Lebesgue measure, then it turns 
out that Ea;[exp(((^, £))] = 00. However, it is a subtle question whether the stretched exponential 
moments of the form 



E, 



are finite or not. Our first main result is a sharp criterion for this. In fact, the nonlinearity due to the 
pth root in the exponent makes it natural to ask a more general question, namely when for a finite 
family (ipi, . . . , ipn) of bounded nonnegative functions the moments 



exp (^{tpijy 



Iv 



i=l 



are infinite or not. To formulate our answer denote by 

i:>i(M^) 



V{B) 



if B is bounded, 
if B = R'', 



(1.5) 



the classical Sobolev space Hq{B) with zero boundary condition if B is bounded, and, in the case 
that B =M.'^, the set Z)"'^(]R'^) of functions in L^^^(K'^) vanishing at infinity and having a distributional 
gradient in L^(M'^). In Section [S] we recall some properties of T>{B). 



Theorem 1.1 (Exponential moments). Let (p = {(pi, ...,<; 
measurable functions with compact support in B, and let 



he a family of hounded nonnegative Borel 



e(</>) = e{<p 



1, . . . 



n 

mf{f||VV^||i ■■^^V{B),Y, 



i=l 



■}■ 



Then 



E. 



exp(5;](<A^^^) 



i/p 



i=l 



< 00 for all xGBP if 9(0) > 1, 
= 00 for all X £ BP if < 1. 



(1.6) 



(1.7) 



Indeed, we even have 



lim — log Pa: • 

ajoo fl 



i=l 



> 



a] = -e{<p). 



(1- 



4 



WOLFGANG KONIG AND PETER MORTERS 



A partial result in the direction of Theorem 11.11 was obtained in |KM02j . From Theorem ll.il we can 
infer a finiteness criterion for intersection local times in a form analogous to Pinsky's result for single 
Brownian motion in (|1.3)) . 



Corollary 1.2. Let B C M'^ be a bounded, open domain with -boundary, and let cj) 
be a family of bounded Borel measurable functions (pi: B ^ [0, oo). Let 



{(pl, ...,(pn) 



IIb = sup ] ^ UMl, - f llVV'lli : V e -DiB) 



2p 



i=l 



Then 



exp 



1=1 



< oo for all x£BPifll^<0, 
= oo for all X £ BP if E ^ > 0. 



:i.io) 



Proof. For e > 0, denote by B[e] the open e-neighbourhood of B. We first show that 

b,B[e] 



limsup /^^f^i < Z^. 



slO 



(1.11) 



1 and 



Indeed, for /c G N let V'/t £ -f^o(-^[l/^]) be an approximate minimizer in (|1.9|) i.e., HV'fclbp 
Y17=i \\^i'^k\\2p ~ fll^^fclli — '^_B[i/fc] ~ ^/^' Since the first term is bounded in A; G N, it is clear 
that (II VV'fc|P)fceN is bounded. By Lemma 15.21 we may assume that ipk converges, as A; ^ oo, to some 
ijj G Hq{B[1]) in L^P-norm such that Vipk converges weakly to Vip. Since supp('0fc) C B[l/k] for any 
A; G N, we may assume that t/j G H^[^'^) with ip = outside B. According to Lemma f5.ll the restriction 
of ^ to i? lies in Hq{B). By lower semicontinuity of || • ||2, we have ||V^||2 < liminfA^ico llVV'fclb- By 
L^P-convergence we have limfc^oo EILi ll'/'iV'fcllip = ELi ll'/'iV'llip- Hence, 



limsup ^[^j < ||0,Vllip - f llV^lli < lis, 



i=l 



and this finishes the proof of (jLllj) . 

Now assume that ^ < 0. Because of (|1.11() one can fix e > such that ^j^j < 0. We now work in 
the domain B[e] and exploit that the supports of (/>!,..., 0„ are strictly inside B[e]. For any r/ > 0, 



< 



inf 

i;eV{B[s])\{0} 



il|v^lli-E" "-^-^''"^ 



A=l 



2p 



2 

2p 



< inf 



1 



{ 



iliv^ll 



2 

2p 



^PGV{B[e]),Y,\ 



lip 



< - 1 inf <^ , 



{fllVVi -.^eViBie]), 



i=l 



i=l 



\2p 



= i,IIV'llip>^ 

l,||^ll2p>^} 



} 



(1.12) 



Since there is a non-trivial minimiser if: for the variational formula (|1.6|) . we can choose r/ > so small 
that the variational formula on the right hand side of p.l2|) is equal to 0(0). Hence, 0(0) > 1, and 
by Theorem ll.il we infer that 



exp 



1=1 



< oo 



for all X G B[e]P and the intersection local time I of the Brownian motion killed upon leaving B[e]. 
The desired result for the original domain follows by monotonicity. 
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Now assume that > 0. Then there is a ^/^ G satisfying HV'Ibp = 1 and 

n 



There exists a domain U with U C B such that 

n 



i=l 



Multiplying ip with an appropriate positive constant, we obtain a new ip £ "^(B) satisfying 
Td=i\\i'i'^Utp\\2p = 1 and fllVV'lll < 1, which implies that e((/>l[/) < 1. The result follows from 
Theorem 1 1 . 1 1 and monotonicity. □ 

Remark 1 (Comparison with the result of ' Pi86j .) Looking at the special case p = 1, and (without 
loss of generality) n = 1, Pinsky shows (|l.lfl)) for any continuous (f>i: — > M in the case that B has a 
C^-boundary. His result is based on the formula 

lim- log expj /" (l)i{W{s)) ds}, > t] = l\ b, for all x e B, (1.13) 

ttoo t I I Jq ) J V , 

which follows from the Donsker-Varadhan theory and an analysis of the regularity of the variational 
problem defining Note that our approach requires weaker regularity assumptions, but is not 

suitable to deal with functions of changing sign. Of course, the main point of our investigation is the 
generalisation to the case p > 1, where p.l3|) is not available. O 

In our proof of Theorem 1 1.11 it is essential to show the existence of minimisers in (|1.6jl and characterise 
them by differential equations. 

Proposition 1.3 (Analysis of Q{(j))). Let cj) = (0i, . . . , (j)n) be a family of nonnegative bounded mea- 
surable functions with compact support in B. Then the infimum in (|1.6() is attained. Every minimiser 
^ G T>{B) satisfies the equation 

n 

^ i=i 

We do not know in general whether the solution of (|1.14j) is unique, even in the simpler case n = 1, 
where the equation simplifies to the nonlinear eigenvalue equation 

-|AV' = e(,/.)V'p-V'^ 

A natural question in this context is whether the minimisers in the variational problem H1.6|) allow 
a probabilistic interpretation. Our second main result provides an interpretation as the asymptotic 
"shape" of the intersection local time when the total mass in a given set is large. 

For the formulation of this result let U be an open, bounded Lebesgue continuity set whose closure 
is contained in B, and define a (random) probability measure L on U as the normalized intersection 
local times L = i/i{U) on U. Let d denote a metric on the space Aii(U) of probability measures on 
U, that induces the weak topology. Under the conditional law P{ • | i(U) > a}, as a | oo, the measure 
L satisfies the following law of large numbers. 

Theorem 1.4 (Law of Large Masses). Denote by dJt C Aii{U) the set of measures iIj'^^{x) dx on U 
with ip a minimiser in the variational formula for 0(1^). Then, for any x £ B'^, 

limP^.|d(L, 9Jt) > e iiU) > a| = 0, for any e > 0. 
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The convergence is exponential with speed a}/^ . 

This result was announced, without proof, in |KM02j . By Proposition 11.31 the densities V'^^ of the 
measures in 9Jt satisfy the nonhnear eigenvalue equation 

-|a^ = G(1c/)V^2p-1i^^ 

Whether the solution to this equation is unique, and also whether 571 is a singleton, seems to be an open 
problem. It is a further open problem to determine the precise rate of convergence in Theorem 11.41 

Remark 2 (Comparison with a result of |Ch03j .l In a recent preprint Xia Chen |Ch03j looks at the 
intersection local time ii for p > 1 Brownian paths in each running up to time one. He finds a 
sharp criterion for finiteness of the total intersection local time. For q = ^(p — 1) and 

liP.d) = sup {llVlli, - ■■ ^ e v{^% Uh = i}'"', 

he shows that 

Ejexp i^m'^fl'^^^^))] / < for "^""ZV^ l^^'wl' (1-15) 
L ^ y ' [ = oo for all X G BP if 7 > 7(p, d). ^ ' 

Because of the fixed time horizon this problem is very different from the one we are looking at — 
note also the completely different scaling behaviour. Still it is interesting to compare the techniques 
of proof. Chen's method, again quite different from ours, is based on asymptotics for the Feynman- 
Kac formula for occupation times and approximation of intersection local time by occupation time. 
Understanding the relationship between these results and methods would probably lead to significant 
progress in the research programme set out in the introduction. O 



2. Overview and setup of the proof 

Our main results follow from an analysis of the large-/c asymptotics of the A;th moments of the random 
variables 

i=\ 

In Section [2.11 we fix some notation about entropy and relative entropy. In Section [2.21 we derive the 
moment asymptotics in terms of a variational formula involving relative entropies. We also identify 
this formula in terms of 0((/') defined in (|1.H)1 . In Section [2.31 we complete the proofs. 

2.1 Entropy and relative entropy 

For any probability measure \i and any measure /i on the same measure space X the relative entropy 
or KuUback-Leibler distance of /i with respect to /I is defined as 

Hit,\Jl) = J ;,(dx)log||^, (2.1) 

which is to be interpreted as infinity if /x ^ /I. li Ji = f dx then we often write \ f) instead 
of Hi^jjL I Jl). By Jensen's inequality we always have | /u) > — \ogJi{X) and equality holds if and 
only if = J1/J1{X). More specifically, for any ^ G Aii{B) we define /(/i) = H{fi \ Leb), the relative 
entropy of with respect to the Lebesgue measure Leb on B. For A G S„, where denotes the 
n-dimensional unit simplex, we write /(A) = Y17=i ^"-"S relative entropy of A with respect 
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to the counting measure. In both cases the functional / is convex and lower semicontinuous. We 
denote by 

Ml{B) = jzv G MiiB"^) : v{A x B) = v{B x A) for all Borel sets A d B^ (2.2) 

the set of probability measures v on B^ with equal marginals yi{A) = u{A x B) and U2{A) = v{B x A), 
we denote the marginal by = z^i = z^2- For v G Aii{B'^) we define 

I oo , otherwise. 



(2.3) 



It is known that I^, is lower semicontinuous and convex. 



By G = Gb: X ^ [0, cxd] we denote the Green function of a Brownian motion stopped when 
reaching dB. That is, 

roo 

(2.4) 



roo 

G{x,y) = / ps{x,y)ds, for x,y e B. 
Jo 



where Ps{x, y) denotes the transition sub-probability density of the stopped motion. Define a function 
g-. Mi{B) — by 

^{dx dy) 



gifi)= inf {/2(z.)-(i.,logG)} = inf 




u{dx dy) log 



fj,{dx)fj,{dy)G{x,y) 



(2.5) 



Observe that it suffices to take the infimum over measures v satisfying i' <C ji® (i. We can replace 
in the definition of Q by either the relative entropy H{y | /i) or the mutual information 
H{u \ui (g) l>2)- 

2.2 Moment asymptotics 

Let (j) = (01, . . . , (pn) be a family of bounded nonnegative Borel measurable functions with compact 
support in B and define, for any A S 

n n 

f){<P, A) := - inf { ^ XiH{fii \ 0f ) + ( Xjfi,) | A^i, G A^i(5)}. (2.6) 



i=l 



Note that it suffices to take the infimum over measures /xj that satisfy /xj <^ (f)^ dx. The following 
proposition is the main result of Section |31 

Proposition 2.1 (Asymptotics for mixed moments). Fix x G B^. 

(i) For every A G 



1 



a2p f\kXi 



lim inf — log E^- — — TT 

i=i 

(ii) // each (pi is bounded away from zero on its support, then 



>^(0,A). 



lim sup sup 



logE^ 



1 



J{{cpf A)'"-^] -^(<^,A) 



i=l 



< 0. 



(2.7) 



(2.8) 



(iii) Let U C B be a bounded open Lebesgue continuity set whose closure is contained in B. Let 
H C Mi{U) and e > 0. Then 



lim sup — log 

fcfoo 



<- inf {/(^)+pg(^)}, 

tJ.£H[e] 
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where H[e] C Mi(U) denotes the e -neighbourhood of the set H. 

In this section we show how to use this result, together with an analysis of the variational problems 
to complete the proofs of our theorems. We first derive from Proposition 12 . II the moment asymptotics 
of the random variable '}27=ii^? ^ ^)^^^ ■ ^^^^ purpose define 



Wi^) = -mi {p/(A)-i5(0,A)|. 



Proposition 2.2. Fix x £ BP. 



(i) 



liminf — logE^ 

fctoo k 



2P p\l/p 



kp 



i=l 



(ii) Assume that every (pi is bounded away from zero on its support. Then 



limsup — logEa 

fejoo 



/p 



kp 



4=1 



< W{(p). 



(2.9) 



(2.10) 



(2.11) 



Proof. We use Proposition 12. II and denote ifi = (j^^ . For Z,n G N, let 

Sn(0 = {-^ ^ ■ is an integer for all i} 
The multinomial theorem yields that, 



i=l 



\&n{kp) «=1 



\ k\i 



Stirling's formula yields that, uniformly in A G Sn{kp), as k ] oo, 



kp 

kpXi, . . . ,kpXn 



^-kpI{\)^o{k)_ 



(2.12) 



(2.13) 



To prove part (i) of Proposition 12. 2( pick some small 77 > and choose an approximate minimiser 
A* G S„ in such that 

pI{X*)-S){(P,X*) < -W{cP) + r]. 

Pick A G Sn{kp) such that |Aj-A*| < ^ for any i G {1, . . . ,n}. Note that the vector A = ■^(A*-A(l-e)) 
lies in S„. Fix e > and use Holder's inequality to derive 



n 1 " _ 



1=1 i=l i=l 

The last term is further estimated using Holder's inequality by 



\k\i 



> 



(2.14) 



(2.15) 



i=l 



i=l 



where C only depends on p and (/^i, . . . , This follows from rough a priori estimates based on 
Le Gall's moment formula, see e.g. |LG87l Proposition 3]. By continuity and nonpositivity of /, we 
may estimate /(A) < /(A*)^^^, for k sufficiently large. We take expectations on both sides of 1)2. 12() . 



EXPONENTIAL MOMENTS FOR INTERSECTION LOCAL TIMES 



9 



and obtain a lower bound by restricting the sum on the right side to the unique summand for A chosen 
above, obtaining, with the help of Proposition inT i). 



lim inf — log 

k]oo k 



1 " 



i=l 



kp 



> —pl{\) + ^ lim inf \ logE, 



1=1 



> 



> 



1 - e 
1 

1-e 



1 — £ fctoo k 

[pI{X*) - A*) +eC- 2peI{X*)] 
[-W{(l)) + T] + eC - 2peI{X*)]. 



eC 

l-£ 



Now let r/ I and e | to arrive at (|2.1()|) . 

Now we prove Proposition I2.2f ii). For any small (5 > we have, by Proposition 12. If ii). for sufficiently 
large k and any A S Sn, 



^logE,. 



i=l 



Hence, by (|2.12|) . (|2.13j) . and using that the cardinality of §n{kp) is bounded by (kp)"^ = e°'^^\ we get 



lim sup — log 



1 " 
( 



kp 



< - inf [p/(A)-^(</<,A)] +5. 



Now we let (5 I in (j2.16p to complete the proof. 



(2.16) 



□ 



At this point we would like to replace the cumbersome expression H2.9|) for W{(j)) with a more elegant 
expression involving energies of functions. The following result is the main result of Section 0J 



Proposition 2.3. Let 6(0) be as in (|1.6|) . Then 

w{<i)) = -p\oi 



G(0) 



Moreover, in the variational problems and (|2.9)) (substituting (|2.6j) ) minimisers exist, and they 

are related by the formulas 



A,: 



|2 

l2p' 



and Tp'^^cp^^ = Af for i = 1, 

dx 



,n. 



(2.17) 



Using this, we arrive at the following theorem. 



Theorem 2.4 (Moment asymptotics) . Let (p = (</>i, . . . , (pn) be a family of bounded nonnegative Borel 
measurable functions with compact support in B, and let be as in H1.6|) . Then, for all x G B'p , 



lim — log E^ 

fctoo k 



k\P 



kp- 



-plog 



1=1 



P 



(2.18) 



Proof. By Propositions 12.21 and 12.31 we have the result (pi, . . . ,(j)n are bounded away from zero on 
their respective supports. In order to remove this restriction, let (pi , . . . , (pn be as in the statement 



and define (/>: 



supp((^i) 



for £ > 0. All we have to show is 
lim sup G (</.(=') > e ((/)). 

£j,0 
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It is clear that the condition in the variational problem p.6|) may be relaxed to 

n 

G(</>) = inf{|||VV'||2 ■.i^eV{B),Y,UM%>l}- 

i=l 

Now we argue that there is M > such that, for any e G [0, 1], 

n 

e(</.(^))=mf{|||VV||i : j;||(AfVllip>l,l|lf/V'l|2p<M}, (2.19) 

i=l 

where U denotes the union of the supports of 0i, . . . , (pn- Indeed, note that e ^ is decreasing 

and therefore bounded on [0, 1]. Hence, in dimensions d > 3, ()2.19|) follows from ()5.2|) . in d < 2 it 
follows from ()5.3() . 

For any e G [0, 1] and any tp in the set on the right hand side of (|2.19l) . we have 

ufn%<\\m\%+ec, 

where C > only depends on M and on the suprema of i;^>i, . . . , (/>„. Now choose e G [0, 1/(2C)], then 
we have 

n 

e(0(^') > inf {|||V^||2 : V G V{B), ^ > 1 - eC, Hl^/Vlbp < m} 



i=l 



9(0) 



71 

> inf {||| V^||2 : V G V{B), ^ U^^lp >^-^c] = -_^^, 

1=1 

which completes the proof. □ 
2.3 Completion of the proofs 

With this result at hand we can easily complete the proof of our main results. The relation between 
large moment asymptotics and exponential moments is given by the following easy lemma. 

Lemma 2.5. Fix p > and let X be a nonnegative random variable such that 



lim — log E , , 

fcToo k IklP 



e 

-p log — 

p 



exists for some G > 0. Then we have E\e'^^^ < cc i/0 > 1, and E[^e^~\ = oo i/0 < 1. 

Proof. The assumption and Stirling's formula imply that, as A: | oo, 

Elx'^P] = /t!P(g)''V('=) = (A;p)!e-P'=e°('=). (2.20) 

In the case < 1, this shows that the terms E[X"^]/m.\ are not summable over the subsequence 
m = kp, A; G N, which implies the second statement. In the case > 1 we estimate, for any m such 
that kp < m < (k + l)p, with the help of Holder's inequality and Stirling's formula. 

The first statement follows by summing over all n. □ 

Proof of Theorem II. IL Apply Lemma 12.51 to the situation of Theorem l2.4l to get (|1.7|) . Similarly to 
Lemma l2.5| KM02, Lemma 2.3] relates large integer moments and upper tail asymptotics, and allows 
to infer (|1.8jl from Theorem 12.41 □ 
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Proof of Theorem 11.41 Suppose H C ^Al{U) is such that i/[e], an e-neighbourhood of H, is 
disjoint from OJt. By (|2.17j) . in the special case n = 1^ 4>\ = lu, the set 9Jl is equal to the set of 
minimisers of / + pQ over the set Mi{U). As the set of minimisers is closed, we can find e > such 
that I(^) +pQ{n) - m.i{I + pg} > e for ah fi £ H[e]. Now, 



logP{L G H\i{U) > a} 



■logF{i{U) >a\LeH} 



\ogF{i{U) > a}, 



The second term converges to — pexp inf{I+p^}) by [Theorem 1.1 and Proposition 2.1, KM02]. For 
the first term we use the Tauberian Theorem |KM02l Lemma 2.3], together with Proposition I2.1f iii) 
to obtain 



lim- 



1 



1 



^ , \ogF{£{U) > a I L e i?} < -pexp ( - i lim - logE^. 

alexia 'P V fctoo k 

= -pexp ( - i hm ilogE,.[i^£([/)'^l|^,H} 



lk\P 



L£ H 



.k\P 



< -p exp i inf {1(h) +pg (pt) 



Altogether, 



lim sup-r^ log P{L G I £{U) > a} 



< -pexp (i inf {l{fi) +pQ{n) 



which implies the result. 



+ pexp(iinf{/ + pg}) <0, 



□ 



3. Moment asymptotics 

In this section we prove Proposition l2.11 The proof is an extension of the proof of |KM02[ Theorem 1.1], 
and we are able to use some material from there. To keep the notation manageable we assume that 
X = (0, ...,0), i.e., all motions are started in the origin. We write E instead of Eq. The case of 
arbitrary starting points does not pose any additional difficulties for our asymptotic statements. We 
define = (/>^^. 

The proof is based on a moment formula of Le Gall |LG86j . To formulate the result in the necessary 
generality, recall the Green function G = Gb and define the function '■ ^ M by 

1 ^ 

^''^y^^k}. ^ n'^(^'^(i-i)'y'^w)' for y = (yi,... ,yfc) G 5^ (3.1) 
' o-eSfc i=i 

where we put yo = 0, the starting point of the motions. Sfc is the symmetric group in k elements and 
we write elements a £ &k as permutations a: {1, . . . ,k} — > {1, . . . ,k} and agree on the additional 
convention that cj(0) = 0. Introduce the empirical measure of the vector y = [yi, . . . ,yj^) G , 

1 ^ 

i=i 

and note that is a permutation symmetric function, i.e., it depends on y only via Ly^k- assumes 
the value oo if and only if 0, yi, . . . , are not pairwise distinct. For the rest of the proof, we tacitly 
assume that the numbers feAi, . . . , /cA„ are integers. This simplification can be justified by simple local 
approximations of the type Aj \k\i\/k or Aj \k\i\/k. Inequalities (|2.14j) and (|2.15|1 show that 
this does not affect the asymptotics on the left hand side of (|2.7|) and (|2.8|) . 
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In the following, we organise the vector y as 



y = (y) : j = 1, • • • , k\i, and i = 1, , 



Lemma 3.1 (Moment formulas). 



(i) 



E 



1 " 



i=l 



,n). 



Xik 



B' 



i=ij=i 



(ii) Let H C Aii{U) be a Borel set, and 5 > 0. Then, for all sufficiently large A: S N, 



E 



1 



.k\P ' 'J jjjk 

where H[6] is the 6 -neighbourhood of H. 



(3.2) 



(3.3) 



Proof. A variant of part (i) was proved in |LG86j . see |LG87l (2c)]. We focus on part (ii), where the 
main idea is that the random variable L is asymptotically estimated in terms of the empirical measure 
Ly^k induced by the integration variable y = {yi, . . . ,yk) on the right hand side of the moment formula. 

An essential ingredient is Le Gall's Wiener sausage characterization of i, see |LG861 Th. 3.1]. For 
every e > define the Wiener sausage around Wi by 



Si = £ B : there is t £ [0,Ti) with \x - Wi{t)\ < e|, for i = l,. 



,P, 



(3.4) 



and their intersection 5^ = flLi ^t- Recall that S = W^[0,T^] n . . . n WP[0,TP] and observe that 
iS* = ne>o ^£ intersection of the p independent Brownian paths. Define 



(27re)-2, if d = 3 and p 



(3.5) 



-2-d 



, ujd{d-2) 



if d > 3 and p = 1, 



where ujd is the volume of the d-dimensional unit ball. For every set A C B that is almost surely an 
^-continuity set, 

lim Sd{e)Leh {Se n A) = i{A) , (3.6) 

in the L'^(P)-sense for all positive integers k and, in particular, in probability. We denote by Ag the 
normalized restriction of the Lebesgue measure to DU, considered as a probability measure on 
U, i.e., as an element of M.i{U). As we have assumed that C/ is a Lebesgue continuity set, we see 
from the moment formula (|3.2|) for n = k = 1 and ipi = Iqjj that almost surely i{dU) = and thus 
(|3.6|) applies to the set A = U. This implies in particular that for the uniform distributions on the 
intersections of the Wiener sausage. 



limAe = L in probability. 

£j,0 



(3.7) 



Clearly, for every H C M.i{U) and every positive integer k, the random variables Sd(e)Leb (S'e n 
U)'i-{LeH} converge as e | in the L'^(P)-sense to £{U)1^l^h}- Thus 



E 



limsdiefE 

elO 



(3. 
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Suppose now that 6 > and a Borel set H C A4i{M.'^) are given. Using (|3.8|) we obtain for the left 
hand side in our statement, 



E 



< Um supsd(e)'' E 



+ hmsupsd(e)'' E 



dy^{Ly,,,eH[S]} 



(3.9) 



Leb {Se n ?7)'=E, 



(3k 



Here E^^k denotes expectation with respect to Af'^, and Y : {Sg n U)'^ —>■ {S^ n C/)'^ is the identity 
map, i.e., a (S'e H {7)-valued random variable with distribution Af''. 

To treat the first term on the right of ()3.9() we recall from |LG86j that the family of functions 

y ^ Sdie)'' P{%- G 5e for all j}, for e e (0, i), 
is dominated by an integrable function and, 

k 

limsd(e)^p{yj- G 5, for all j} = ( ^ '^(^-(^-i)' ^-w))^ • 



o-GSfe i=l 



Hence for the first term on the right hand side of H3.9() . by Fubini's Theorem and the theorem of 
dominated convergence, 



lim Sd{e)^ E / dy l^r ^(,h[5]} = lip / dy l^r ^^H[5]}Sd{£)'' ^{vj G Ss for ah jl 

= ,eH[5]} limsdie)^Fi^yj e 5^ for all j} ^g^^g^ 

= ^^c?yl{L,,fe6//[5]}( X] nG'(y^(i_i),y,( 



crGSfc i=l 

which is equal to the right hand side in our claim 

It remains to derive an upper bound for the second term of the right hand side of ()3.9() that is negligible 
with respect to the left hand side in (|3.3|) . Observe that, 



<1{ 
< 1; 



KL,A,)>5/2} + l{Lef/}l{Ly,fc^//[5]}l{d(L,A,)<5/2} 



(3.11) 



KL,A,)>'5/2} + l{LeH}l{d(A,,Ly,fc)>5/2}- 



Hence, we obtain. 



lim sup Sd{e)'' E Leb (S'j n C/)^E^®fc 



1{LGH} - l{Ly,fce//[5]} 



< lim sup Sd(e)'= E Leb (5^ n C/)''l{d(L,A,)>5/2} 



(3.12) 



+ 



limsupsd(e)^E[Leb(5,nC/)'=l{ig^,|Af |d(A„Ly.fe) > 

£j,0 L 
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Recall that the family S(i(e)Leb [S^ H U) with < e < 1/2 is bounded in every L'^{ 
together with (|3.7j) . we get 



lim sup Sd(e)^ E Leb (5^ n U)''l{d(L,A,)>s/2} 

eiO L 



0. 



Using this fact 



(3.13) 



To show that the remaining summand on the right hand side of H3.12() is small, we need an upper 
bound for Af^ {d{Ai; , Ly^k) ^ which depends neither on e nor on the Brownian paths. To achieve 

this, we first use the fact that the weak topology of measures can be approximated by a finite partition. 
More precisely, for the given 5 > 0, we can find a finite partition V of B and an rj = ri{6) > such 
that, 

sup \u{M) - /i(M)| < rj implies d{u, fx) < 6/2. 

Denote the cardinality of P by and the canonical projection hy it: B {1,...,A^} and recall 
that for any two probability measures P, Q on {1, . . . ,N} the Kullback-Leibler distance H(P \ Q) 
is bounded from below by | sup^(-{i^ jv} l^(^) ~ Hence, we obtain for any two probability 

measures v, // on that 

d{v, fj) > 6/2 implies H{u o vr^"*^ | /x o vr^"*^) > . 

Denote by F the set of probability measures Q on {1, . . . , Af} with H{Q \ o vr"^) > /2. From the 
upper bound in Sanov's Theorem for the finite alphabet {1, . . . , A^}, see |DZ98[ p. 15], we infer that 

Kf^{d{K,,LY,k) > V2} < (/t + l)^exp(^-/t mf i/(Q | A^o^^i; 

< (fc + l)^exp(-A;r/V2), 
which is the required upper bound. We infer from this and 1)3. 8|1 that, 

limsupsrf(e)'=E[Leb(5,nC/)h{iemAf |(i(Ly,fc,A,) > 

ej,0 L 



(3.14) 



< limsup Sd{ef E Leb {Se n Ufl{LeH}{k + 1) exp(-A;r/72) 



(3.15) 



Putting (|mH) . and together, we obtain 



T{i) 



o-eSfc i=i 



Finally, 1 — {k + 1) exp(— fcr/ /2) > 1/2 for all sufficiently large k, and this finishes the proof. □ 

In order to derive the upper bounds in Proposition 12.11 it is necessary to replace the Green function 
G in the definition of ^kiu) by some bounded function. We achieve this by cutting off at a large level 
and show that this does not change the exponential rate of ^kiu) asymptotically as the cut-off level 
gets large. Introduce, for M > 0, the cut-off Green function Gm = G A M and denote, 

1 ^ 

^k,Miy) = -n Yl H^M {ya{i~i),ya{t)) , for y G 5^ (3.16) 



TeSfe i=i 



The following lemma provides the cutting argument: 

Lemma 3.2. There is Cq > and, for all sufficiently large M > 1 and small rj £ (0,1), there are 
constants Cm > and > such that Huimioo Cm = li™r;j,o = 0; the following holds. 
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(3.17) 



(i) For any A: G N and for any A G S^? 

n Xik 

i=ij=i 

k „ n XiTn 

< 2Ppk{2Cofct + 2^(1 + e^fp V / dy {^mM{y)Y\{\{ ^Mj)- 

I fim. 

m=\k{l~prt)]^ i=lj=l 

(ii) For any H C Mi{U) Borel, and (5 > 0, one can pick r] > small enough such that 
dy {'^kiy)Yl{Ly.,eH} 

jjk 

k (3.18) 
< 2^pk{2C,fct + 2^(1 + e,fp Yl / i^rn,Miy)yUL,^^eHm. 

m= [fc(l— pjj)] 

Proof. This follows from an obvious adaptation of Lemmas 3.2 and 3.3 in |KM02j and their proofs 
(recah that . . . , are bounded). □ 

Note that for the upper bounds we may now focus on the m-fold integral on the right hand side of 
1)3. 17() . resp. ()3.18() . Observe that the integration domain may be replaced by the compact set 
where U is the union of the supports of (/Jj for i = 1, . . . ,n. 

Our second main technical tool is a reduction to a discrete counting argument. For this purpose, we 
introduce a finite partition of U which is carefully chosen in order to represent many details of the 
continuous picture. 

To introduce appropriate notation, let = {1, ■ ■ ■ ,r} and denote the partition sets by Ui, . . . , Ur- 
We assume that every Ui is measurable and has positive Lebesgue measure. In Lemma 13.31 below we 
shall make precise how fine we choose the partition. We call tt: U — > S,, the canonical projection, that 
is, X G U^x for any x G [/. We write Try = ((vry^, . . . , 7ry\^^) : i = 1, . . . , n) if y = {{y\, . . . , y\^,^) : i = 
1, . . . , n). If /X is a probability measure on U, then vr/i G 7Wi(S,.) is its projection on S^. Similarly for 
v G M.i{U'^) we denote the projection on by nu G M-i{T,f.). If v is in the set A^*(Sr) of probability 
measures on with equal marginals, we denote by u G M-i{T,r) its left or right marginal measure. 
Note that 7rz7 = tW for any u G Ail{U), where 17 is the marginal measure of i'. 

For measures u G M.i(T,r) and v G A^i(S^) we define discrete analogues of the relative entropy 
functionals I and by 

?^(^^) = y] log 7777 and lui^) = V w/,mlog^^, (3.19) 

^-^ \Ul\ V]Um 



using the usual convention OlogO = 0. Recall that Gm = G f\ M and define the approximate Green 
G~j^{l,m) = sup GM{x,y) and G^{l,m)= inf G{x,y). (3.20) 



functions G+ , G" : ^ M by 



Functions Q~^,j and Q on M-i{T>r) analogous to Q in ()2.5|) are defined by 
g+iu) = mf^^^ {lliv) - {v,logG+,)} and G-{u) = mf^^^ {/^(t;) - {v,logG-)} , (3.21) 

U—u V—u 

where we used the notation {v, F) = meSr 
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The functions and G~ are continuous. Indeed, for fixed u, if the set V C A^J(S,.) is a 
neighbourhood of the set {v £ ■ v = u}, there exists a neighbourhood U of u with 

{v G M.l{T,r) : V = u} C V for all u £ U. Together with the obvious continuity of /^(f) in 
both arguments u and v and oiv ^ {v,F) this imphes continuity of Q^.^ and Q~. 

Introduce the empirical measure of the vector a* = {a\, . . . , t^.j^) G S^'™ of length Ajm by putting 



i^^A.n^ = ^E^-' ^ Mli^r), (3.22) 



and the global empirical measure of cr = (cr^, . . . , o"") G by 



= -EE'^-' = E^^^-%A.™ e -^l(Sr). (3.23) 



m ^ — ' ^ — ' 3 

1=1 j=l i=l 



By |KM021 Lemma 3.5], for any M > 0, uniformly in y G C/™", as m | oo, 

^mMv) < e°('™)exp(-mg+(L,j^,^)), (3.24) 



«'m(y) > e°('")exp(-mg-(L^j,,J). (3.25) 



Now we go back to the integral on the right hand side of 1)3. 17(1 and rewrite the integral over i?™ 
(which we have replaced by the integral over C/™) as an integral over the partition sets C/o-j with 
i G {1, . . . , n} and j G {1, . . . , Ajm} and sum over all cr*- G S^. 

Note that, for any a G S™, the map y i— > L^^y^rn = -^a-,m is constant on the set of y G C/™ satisfying 
y*- G C/^i , where we again organise a G as a = (ct* : j = 1, . . . , A^m, z = 1, . . . , n). Hence, 



/ dy {^.^,M{y)Y n II '^^(^i) ^ E e-p"5i(^-™) n II / v^{y]) dy] 



u. 



Analogously, we have a lower bound for the left hand side with ^rn,M replaced by in terms of the 
right hand side with replaced by We rewrite the sum over a G as n sums over probability 
measures Ui G Aii{Tir) and count the numbers of a* G S^'™" such that Ui is the empirical measure 
of a\ 



n XiTn 

dy{i>m,Miy)YT\I\'PM^ 

.=li=l 

n n 

Vi=l,...,n 

where J^-^^"^ {Yjr) is the set of those Uj such that mXiUi{l) is an integer for any / G S^. By Stirling's 
formula, the zth counting factor on the right is equal to e"^™"^ exp(— mAj XligE,- "^ii^) uniformly 
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in Ui G M^^^'\T.r) and in A G S„. Indeed, choose < c < C such that c < n!/[(f )-"n-^/2] < (j ^j. 



any n G N, and estimate, for Aj > 0, 



(Aim)! 



riz: Mi(Z)>o(^i(0-^) 



m 



< exp|-mAi^Ui(/)logUi(/)|Cc ''Wtt 



Ai 



{0>o(^i(0-^i) 



Now use that Ui{l)\i > if Ui{l) > 0. The fower bound is derived in a similar way. 

Note that the cardinahty of M.^l^'^'^'' {Tij) is polynomial in m, uniformly in A G S„. Hence, we obtain 



limsup sup 



^ „ n Aim 

-log(/ (iy($^,M(y))^nn'^*(yp) (3.26) 

i=l 7=1 



where we recall that (pi = 



and introduce 



inf 

Mi,...,«„eXi(s,.) 



u. 



i=l i=l 

It is easy to see that the map i^tf (</>, •) is continuous on the simplex S„. Indeed, the family of mappings 



ri n „ 

A ^ pQjj XjUj) + XiH(ui / (fi^, ior ui, . . . ,Un £ Mi{T.r), 
i=i i=i 



is uniformly equicontinuous on since QJ^ is uniformly continuous on A4i(Sj,), and the map u 
H(u\ Jjj ifi) is bounded and continuous for every i. 

Analogously to (|3.26p . we have, for any A G 

n Xik 

(3.27) 



limmf - log( dy ($fc(y))^ J] IT ^^(2^^)) ^ 



where ((/>, A) is defined as A) with Q~^,j replaced by Q . Like i3^j(0, •)) the function {<P,-) 

is also continuous on 

Now we determine the fineness of the partition (Ui, . . . ,Ur) of the set U. 
Lemma 3.3 (Choice of the partition). Fix M > and any 5 > 0. 

(i) For any A G §n; the partition {Ui, . . . , C/^) of the set U may be chosen so fine that 

^"(0,A) >^(0,A)-(5. 

(ii) // each <pi is bounded away from zero on its support, then the partition (Ui, . . . , Uj.) of the set 
U may be chosen so fine that, for any A G §n; 

^|,(0,A) <i5(0,A)+5. 

(iii) For any H C Aii{U) and 5 > the partition {Ui, . . . , Ur) of the set U may be chosen so fine 
that 

- inf {/(vr^) (vr^)} < - inf {/(^) +pg{fi)} + 5. 
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Proof. We first prove (i). Choose approximate minimisers G Mi(U) in (|2.6jl and an 

approximate minimiser u* G A^*(i?^) in the definition H2.5() of Q (satisfying V* = X^ILi '^i^D such 
that 



(3.28) 



We now use Jensen's inequality to show that, for any partition and for any resp. z/, we have 

H{ix I ^i) > H(nfi I ^ v'i) and > iIt,{^v). (3.29) 



To prove this, abbreviate f{y) = ylogy and note that 



dxipi{x) j,ffi{dx)/dx 



Now use Jensen's inequality for the convex function / and summarise to arrive at the first inequality 
in p. 29(1 . The other one is proved analogously, noting that /^(z^) = (I7 17, / o {dv/d{p ®V))). 

For V* fixed above, we may choose the partition {Ui,...,Ur) of U so fine that (z/*,logG) < 
(vrz/*, log G~) + 5/ {2p). This can be seen by choosing N so large that (zv, log G) — (i/, log Gn) < 5/ (4p) 
and using uniform continuity of log Gat on to split the domain of integration into partition sets on 
which the variation of log Gat is less than 6/{Ap). Using this and (|3.29|1 in (|3.28j) . we arrive at 

n 

-^(<^,A) >^Aii/(7r/i*| / ^^+p{ll^.{Tiv*)-{T,v*,\ogG-))-5 
i=i 



> 



n 

inf [V 



XiHiu 



„ n 

i=i 



which finishes the proof of (i) . 

Now we prove (ii). We choose the partition so fine that 



|logG'^(7rx,7ry) - log Ga./(x, y)| < — , 



for all x,y £ U, 



and 



\logipi{x) - logipi{x)\ < -, for all i e {1, . . . ,n}, x e supp((/?j). 



(3.30) 



(3.31) 



where ipi{x) = X][=i Leb {Ui) ^lui{x) J^^ ipi is a discrete approximation to ifi. This choice is possible 
since the functions log Gm and log (pi are bounded and measurable on resp. on supp((/?j). To every 
IJ, G Aii{U) we associate ajl £ A^i(C/)with constant density on the partition sets and vr/i = vr/i. Note 
that H{TTfi I Jjj ifi) = H{Ji I ipi) for any i G {1, . . . ,n} and any /i G MiiU). Furthermore, we easily 
derive from (|3.3U|) resp. from 1)3. 31(1 that 



H{TTfl I ipi) > I ipi) - -, 
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for any /i G Mi{U) and any i £ {1, . . . , n}. Hence, we obtain, for any A G §„, 

n n „ 



lll,...,ll„ 



n n 

<- inf V'Ai/Ii) + V'AjiJfe I ) +(5 

n n 

<- inf (pC/(y'Ai/ii) + y'Aii?(;Uj I +5 



i=l 



i=l 



Finally we prove (iii). We choose the partition so fine that H3.3U() holds and such that fj, £ H, nfi = nfj, 
imply Jl G H[6]. As in the proof of (ii) we associate to any ^ £ H a measure Jl G A4i{U) with constant 
density on the partition sets and vr/i = vr/I. In particular, this implies /I G H[S]. Since /(vr/u) = I{J1), 
the statement follows as above. □ 



We now complete the proof of Proposition 12.11 For part (i), it suffices to combine (|3.2|) . (|3.27p and 
Lemma l3.3r i). For the proof of part (ii) let (5 > be small. By (|3.2jl and Lemma l3.2f i) we can choose 
M > such that, for all A G §„, 



E 



1 

i=l 



fc „ n Xiin 

< + (1 + ^ jy n n "p^y 

m=\k{l-5)]-^^"^ i=lj=l 

The right hand side can further be estimated, using 1)3. 26(1 and Lemma l3.3r ii'). for sufficiently large k 
and all A G by 

k 

jfc + (1 + ^mif,i^,\)+2S) _ 

m=rfc(l-<5)] 

Now we argue that ^((/), A) is bounded from below in A G S„. Indeed, in 1)2. 6() . we get a lower bound 
by choosing Hi{dx) = Ci(j)'^^{x) dx, and noting that Q is bounded from above on Aii{U). From this 
the proof of Proposition 12. If 2) readily follows. 

For the proof of Proposition I2.ir iii) let 5 > be small. By 1)3. 3|1 and Lemma 13.2( 11) we can choose 
M > such that, 

k 



E 



r 1 



dy {^m,Miy)Y'^{Ly,m€H[5]} 



m=[k{l-5)] 

Now we use p.24() and note that Lvry,™ = T^Ly^m to obtain 

limsup — log( / dy (^m,A/(y))^l{L^,,„eH[5]}) < - mf {/(M +pGM{TTfi)}. 
From here one can finish the proof of Proposition 12. If iii) by an application of Lemma l3.3f iii). 



4. Identification of the variational formula 



In this section we prove Proposition 12.31 This is done in two steps. In Section [4.11 we identify W{<j)) 
in terms of a variational problem involving energies of measures with respect to the Green operator 
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on B. In Section [4.21 this formula is related to the variational formula for Q{(f)) in Section [4.21 

and this completes the proof of Proposition \'2.'A\ 

4.1 Identification of W{cf)) in terms of energies of measures 

Recall the definition of the Green function G from Section 12.11 and define the associated operator 2t 

by 

^9{x) = j G{x,y)g{y)dy, and ^fi{x) = j G{x,y) fi{dy). 
We introduce the energy of a measure /x on B, 

= (/i,2l/i) = / n{dx)G{x,y)fi{dy), (4.1) 



B J B 



and we write WqWe = ll/^lls if = gdx. 

Let (j) = {(pi, . . . , (pn) be a family of nonnegative, bounded measurable functions on B having compact 
supports. The main object of this section is the variational formula 

p{(f)) = p{(j)^^ ...,(pn) 

= sup III ^ a/A^5j^^""^ : X eSn,gi e L'^P{B),\\gi\\2p = I for i = 1, . . . , n|. ^^'"^^ 

i=l 

We first show that maximisers exist for this variational problem, and we derive the variational equa- 
tions. 

Lemma 4.1 (Analysis of p(</>)). Let (p = (cpi, . . . , be a family of nonnegative, bounded measurable 
functions on B with compact supports. Then there exist A G and gi, ■ ■ ■ ,gn ^ L'^p{B) with ||5'j||2p = 1 
such that 

pi^) = \\T.y^^9?~'<i^i , (4.3) 

II ^ — ' E 

and 

n 

y/x'ip{(j))gi = (pi^i^'^^/X^ gf~^ (pj^ for all i = 1, . . . ,n. (4.4) 

i=i 

Proof. We may assume that the supports of the (pi are not empty. Then it is clear that in (|4.2() we 
may add the conditions gi > and supp((7j) C C/ for alH = 1, . . . , n, where U = ljr=i supp(0j) denotes 
the union of the supports of 0i, . . . , which is a compact subset of B. Furthermore, we may relax 
the condition ||5i||2p = 1 to the condition ||5'j||2p < 1- It is convenient to substitute fi = 5^^"^ and to 
rewrite 1)4. 2|) as 

p{(p) =sup|||^x/Al/i(/>i ^ : A gS„, /!,...,/„ GKi^ (4.5) 
1=1 

where 

KM = {f& L\U) : / > 0, 11/11 < M}, for M > 0, 
and II • II = II • ||2p/(2p-i)- As a first step, we argue that maximisers exist for the problem in (|4.5|) . 
In the proof of |KM021 Lemma 4.3] we showed that Ki is weakly compact in L^{U) and that the 
map / I— > ll/lll is upper semicontinuous on Ki in the weak topology on L^{U). Certainly, these two 
statements also hold for Km for any M > 0. Since also the set x Ki is compact and since the map 



S„ X ETf 9 (A, /i, . . . , /„) ^ ^ ^/\ifi (pi E Km, 



i=l 
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(here M > is suitably chosen, only dependent on 0i, . . . , cpn) is continuous in the product topology, 
the existence of maximisers in (|4.5|) follows. We denote them by A G and /i, . . . , /„ G Ki. It is 
clear that ||/j|| = 1 and supp(/i) C supp(0j) for all i = 1, . . . , n. 

The second step is to show that Aj > and that /j is bounded away from on any set where (pi is 
bounded from zero, for any i = 1, . . . ,n. Let us first prove the first of these two statements. Assume 
the contrary, i.e., Ai = 0, say. Then we may assume that /ii;^>i is not almost everywhere equal to zero. 
There is an i G {2, . . . ,n} such that y/\ifi(pi is not almost everywhere equal to zero. For definiteness, 
we assume that A2 > and that f24>2 is not trivial. With some 6 > 0, we define A G §,1 by 



ifj = l, 
X2-S, ifj = 2, 
Xj, otherwise. 



The idea is to pick 5 > so small that > ||^a|Ie> where h\ = Yl]=i fj 'Pj • This would 

contradict the maximality of A and therefore prove the first assertion. We calculate 



l^lll - II^aIII = Yl (v^^^i - V>^){fi^iMfj^j)) 

«J=1 



j=3 



(4.6) 



+ 2(^A^- ^/X2) Y ^{f24>2Mfj^j)) - KM2Mf2<t>2)) 

i=3 

> ^^(ci(/l01,2l(/202)>-C2^/5), 

for positive constants ci,C2, not depending on 5. Since fiipi and /2i;^2 ai^e nonnegative and not trivial, 
and since G is bounded away from zero on [7^, it is clear that the right hand side of (|4.6() is positive 
for sufficiently small (5 > 0. This contradicts the maximality of A. Hence, Aj > for all i G {1, . . . , n}. 

Now we fix a small (5 > and prove that every /j is essentially bounded away from on {(j)i > 5}. 
Abbreviate Ui = {(pi > 6} and assume for contradiction that < e} H Ui\ > for all e > 0. Pick 
some c > such that > c} riUi\ > 0. With some a,b > 0, we define fi: U ^ [0, 00) by 



/i(^) 



fi{x)+a, iffi{x)<e, 
fi{x)-b, if/i(x)>c, 
fi{x), otherwise. 



The idea is to pick a,b > in such a way that ||/i|| = 1 but ||/ia|Ie ^ II^aIIe' where hx = 
^j=i \/Xj fj'Pjj and hx is defined analogously with /i replaced by /i. This would contradict the 
maximality ol fi, . . . , fn and therefore prove the assertion. 

For notational convenience, we put fi = fi for i >2. Abbreviate r] = l/(2p— 1). For every sufficiently 
small a and e > 0, we can find b G (0, c/2) such that ||/i|| = 1. This implies 

= 11/111'+^ -||/if+'' 

[(/i(x) + ay+^ - Mxy+^] dx+ [ [(/i(x) - by+^ - h{xy+^] dx. 

{/<e}nc/i -'{/>c}nc/i 
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Hence, for some constant C > depending neither on a nor on e, we have b < Ca(a+e)^ |C/in{/i < e}| . 
Now we calculate 

n 

= Ai/ / dxdyG{x,y)M^)My)[{fii^)+(^){fi{y) + a)-fi{x)My)] 

''Uin{h<e}JUin{h<e} 

+ Ai/ / dxdyG{x,y)M^)My)[{M^)-b){fi{y)-b)-fi{x)fi{y)] 

''Uin{fi>c}Juin{fi>c} 

+ 2Ai/ / dxdyGix,y)M^)My)[ifiix) + a)ih{y)-b)-h{x)h{y)] (4.7) 

JUin{h<s} JUin{h>c} 

+ 2^A^V^/A;/ / dxdyG{x,y)M^)(^jiy)[ifi{x) + a)- fi{x)]f,{y) 

-2yATVyA7/ / dxdyG{x,y)Mx)<Pjiy)[ih{x)-b)-hix)]fjiy) 

j=2 JUin{fi>c} JUj 

>aCi|?7in{/i <e}| -6C72, 

for some constants Ci > and C2 > 0, neither depending on a nor on b. From the bound on b, we see 
that the right hand side of (|4.7|) is positive for a > and 6 > sufficiently small, if e > is sufficiently 
small. This contradicts the maximality of /i, . . . , /„. Hence, every /j is essentially bounded away from 
zero on sets of the form > 6}. 

The third and last step is a standard application of variational techniques to derive the variational 
equation in (|4.4j) for the maximisers A G S„ and /i, ...,/„ G -fC. It is convenient to substitute 

ri = gl^ = for i = 1, . . . , n, 

then Tj is normalized in L^([/)-sense. For any family of test functions ^pi: {(f)i > 5} ^ M satisfying 
J = for i = 1, . . . , n, and for any vector t; = (f 1, . . . , Vn) satisfying ^l^i Vi = 0, the objects X + ev 
and Tj + Eifi are admissible for all e with |e| sufficiently small, and we obtain 



d I II Y ^ 2p-i 

i=l 



Q -I 1 2p— 1 -| 2p— 1 2p— 1 

^ i=i j=i i=i j=i 



_ n n 

^ E \/A^(</'i,5-V^2l(/iA)> + y^v, — {gl^-^<l^,Mhx)), (4.8) 



where we put /ia = Yl^=i ^^r Putting = for all z, we obtain C > such that 

C\/aI = (5? "Vi, 21(/ia)) for ah i. (4.9) 
Multiplying this with ^/Ai, summing over i and using />((/>) = {hx,^{hx)), it follows that C 



Putting t'j = for all i in H4.8() and choosing all but one ipj equal to zero, we obtain the existence of 
Ci, . . . , C„ > such that Gigi = cl)i^{hx) for all i. Multiplying the latter equality by g{^~^ , integrating 
over B and using (|4.9j) . one easily obtains that Cj = p{(p)y/Xi for all i. This completes the proof of 

((131). n 
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Now we characterise W{(f)) in terms of p{(j)). Recall the definitions (|2.9|) and (|4.2jl of W{(j)) and p{(j)), 
respectively. 

Proposition 4.2 (Relation between W and p). Let (j) = . . . ,(j)n) be a family of nonnegative, 
bounded measurable functions on B having compact supports. Then W{(j)) =p\ogp{(j)), i.e., 



mm mm 

Ag§„ /^i,...,^t„6A1i(B) 



E^''..>og(f|?)).Pc(E 

1=1 i=l 



Aj/i, 



(4.10) 



plogmaxjll ^ x/aIs'j^^ ^ : X e Sn, gi e L'^^{B),\\gi\\2p = I for i = 1, . . . 



An explicit one-to-one correspondence between the maximisers on the right and the minimisers on the 
left hand side is given by the relation gf^ = ^ for i = 1, . . . , n. 

Proof. In order to prove '<' in 1)4. lOp . we shall show that, for any A G and any //!,...,//„ G Aii{B), 

n 

- pGl^XiP-i) <P^Og\\hx\\E, 



(4.11) 



1=1 



i=l 



where we put g'^^ = ^ for i = 1, . . . , n and abbreviated hx = Yli=i VXlgl^ (pi- 

Abbreviate p. = XiPi and g'^^ = dp/dx. Using the definition of Q, Jensen's inequality and the 

concavity of log, we get the following upper bound. 



^/Ai;Uj,log 



i=l 



(jjfdx) 



Pi 



i=l 



i=l 



J2x,U,iog^) + {pM 



l2p 



< —p 



9 



sup / p{dx) 



u{dxdy) g'^P{x)G{x,y)hx{y) 

p{dx) y{dxdy) 
dxdy 



P 



< p 



< p 



Y.^^(9?, log 



i9 



2p 



i=l 
n 



Xigihx 

2p-l (pi 9 



(pMhx 



i=l 
2p, " 



Xigi 



.^P-'^,^{hx)) 
V Ai 



2p 



i=l 
|2 



log ( V%9?'' 1^) + log {hxMhx)) 



= plog\\hx\\E- 

This shows that 1)4. 11|) holds and implies the upper bound in (|4.1U|) . 

To prove the lower bound in (|4.1U|) we pick, in accordance with Lemma I4.1L maximisers A G S„ and 
9ii ■ ■ ■ lOn G LP'^^B) for the problem of the right hand side and show that the value of the functional 
of the left hand side for the choice pi{dx) = g1^{x) dx for i = 1, . . . ,n is not smaller than the value 
of the maximum on the right. Recall from (|4.4j) that //j-almost everywhere (pi > 0. We first find an 
upper bound for ^(X][Li XiPi) by picking some particular z/ G A4i([/^); recall the definition ()2.5() of G. 



24 



WOLFGANG KONIG AND PETER MORTERS 



Indeed, define ly* G Mi{U'^) by 



u*{dxdy) = —h\(x) G(x,y) h\{y)dxdy, 
P 



where we abbreviated p = p{(j)) and hx = Y17=i ^ 'Pi- Note from (|4.4I) that, for alH = 1, . . . , n. 



2t(/iA)(x) = pTa^M^, if <Pi{x) > 0. 



(4.12) 



Note that v* is an admissible choice in the optimisation problem in the definition H2.5|) of ^, by 
symmetry and because, using H4.12() . 

1 " 
ridy) = - hx{y) %{hx) (y) dy = ^X, dy = p{dy). 

^ i=i 

Replacing the supremum over all v by the value for v* gives the following lower bound for the left 

hand side of (|I?TU)) . 

n yp n 



i=l 



1=1 



2^ Ai<:^i,log— j-^ + sup // iy{dxdy)\og — 



> p 



1=1 

n 



v:u=^ 



u{dxdy) 
dxdy 



^ Ai/^i,log^|^\ + // v*{dxdy)\og 



1=1 



fP{x)G{x,y)g^P{y) 

V* {dxdy) 
dxdy 



2 ^ Xi(pi,log ^ \ + logp + 2 / p{dx)log 



1=1 



9'nx) 

hx{x) _ 



= plog||/lA||| =plogp, 

because y/Xlgikx = g'^^cpi by (|4.12|) and the definition of hx- This completes the proof. 



□ 



4.2 Identification of W{4>) in terms of energies of functions 

In this section, we identify the variational formula (|4.2j) for p{(j)) in terms of the formula for &{(/)) 
and prove Proposition EHl As a first step, we prove that minimisers exist in and we derive their 

variational equation. 

Lemma 4.3 (Analysis of G((/>)). Let (j) = {(pi, . . . , be a family of nonnegative, bounded measurable 
functions on B having compact supports. Then there exists a ip £ V{B), which satisfies 

n 

©(0) = fl|VV'lli, and 5]||0.V'llip = l, 

1=1 

and with h = '}2^=i ll'^«V'll2p '^i^ '^^ have the variational equations 

iP = ^(tP^p-^ h) and -^AxP = e((l)WP-^h. (4.13) 
9(0) 2 

Proof. As a first step, we derive the existence of a minimiser in (|1.6|) . Let {tpk ■ /c G N) be a 
minimising sequence, that is, the functions ^pk G 1^{B) are nonnegative and satisfy Yl^=i \\^i'Pk\\2p = 1 
for any G N, and limfc|oo ^llVV'fclll = ©(0)- 
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Let ip^: G T>{B) denote the weak limit of a subsequence in accordance with Lemma [5. 21 By local strong 
convergence in L'^p{B), we also have X^ILi ll</'iV'*ll2p — 1- weak lower semicontinuity of the map 
V' ^ llV-fAlli (apply |LL()1[ Theorem 2.11]), we have that ^HVV'^Hi < liminffc|oo ^||VV'fc||i = 
Since V'* is certainly nonnegative, it is a minimiser in (|1.6|) . 

The second step is the derivation of the variational equation in (|4.13j) for any minimiser ^/J^ in (|1.6j) . 
Since ||V| Villi = ||VV'||i for any V G ^(5) (see Theorem 6.17]), and since Y17=i HMlp is 

positive homogeneous of order two in ^, ip^, is also a minimiser in the variational problem 

Denote the quotient on the right hand side of (|4.14j) by F{^). Let (p £ C^{B) be a smooth test 
function, then the map e i— > -F(V'* + £f) can easily be differentiated at e = 0. By minimality of "0* for 
F, this derivative is equal to zero. Recalling that X^ILi 1 1 '^iV'* I lip ~ 1> ^^i^ implies that 



de 



d 



=1 

n 



= 2 / Vi..-V^-A^Y.\\^Ml-''{^Af^r') (4.15) 

JB P .^-^ 

\ p 

where we used the definition of the distributional Laplacian in the last step, and h = 
X]r=i ll'^^iV'* II2P ^^'/'^^ as in (|4.13|) . As (|4.15|1 holds for any smooth test function if, we infer that 
the function in the right argument of the brackets on the right hand side is equal to zero, i.e., 
-iA'i/'* = which is the second identity in KT^ . By jLLnil Th. 6.21], the function 

V' = ^2t(V'*^"^/i) satifies -^AtP = ^i^l^'^h. Hence, by plTm Th. 9.3], differs from V* by a 
harmonic function in T>{B), which therefore vanishes. This ends the proof of 1)4. 13() . □ 

Now we identify p{(j)) in terms of &{(/))■ The following proposition completes the proof of Theorem l2.41 
with the help of Proposition 12.21 and Proposition 14.21 

Proposition 4.4 (Relation between p and Q). Let (p = (cpi, . . . ,(f)n) be a family of nonnegative, 
bounded measurable functions on B with compact supports. Then p{(j)) = p/Q{(f)), i.e., 

max 



^/Xi.gi^~^ (pi : A G Sn,gi G L^'^{B), Wgihp = 1 /or i = 1, . . . , n| 

(4.16) 

{i||VV^||l : V'G^?(i?),Ell'^^^lll = l}- 



mm 



Remark 3 The proof gives an explicit one-to-one correspondence between the maximisers on the left 
and the minimisers on the right hand side, see (|4.17|) and (|4.19j) . respectively. O 

Proof. For the proofs of both '>' and '<' in (|4.16|) . we pick the maximiser resp. the minimiser in one 
variational formula, construct admissible objects for the other one, and show that the other functional 
attains the inverse of the value of the maximum resp. minimum. 
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Let US begin with the proof of '>'. Pick maximisers A G S„ and gi, . . . ,gn G L'^^(B) of the formula on 
the right hand side of (|4.1(i|) in accordance with Lemma I4.1L Define 



Then, by (j33I), for alH = 1, 



Hence, 



,n, 



1 " 



Aj — (x) for all 4'i{x) > 0. 



(4.17) 



(4.18) 



n n 
i=l 1=1 



E 



n „ 



Then the energy of the measure Yl]=i y^d'j^ dx can be calculated as follows. 



E p{<P) 
1 



1 



Pi<t>) 



B 



i=i 



By Lemma 15.31 we have that ip S T^{B) and that the energy of ij: equals the energy of the measure 
^E"=i v^5f "V, d^, i.e., i||VV^||i = This implies '>'. 

To prove '<', we choose ip as the minimiser of the problem on the right hand side of in (|4.16|) . by 
Lemma lOl We define gi,. . . ,gn G L?'^{B) and A G S„ by 



and A,- 



•i\\2p 



iWlp for i = 1, . . . ,n. 



(4.19) 



Note that ||5i||2p = 1 for all z = 1, . . . ,n and that Ai, . . . , A^ are nonnegative numbers summing to 
one. Hence, gi, . . . ,gn and A = (Ai, . . . , A„) are admissible for the formula on the left hand side of 
(jnni). We find, using the first identity in (|T?T^ . 



Ev^ 



2p-l 



E * 



2 
E 

,,2p-l j2p 



U2p 



i=l 



|2 

Ie 



P 



|2-2p 

hp 



1=1 



9(0) 



G(0) 



This completes the proof of the proposition. 



□ 



5. Appendix: The space V{B) 

We now recall the definition of the function space T){B) and state some properties of this space. All of 
this material is known to the experts, but we find it convenient to collect some technical facts which 
are used at some places. 
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In the case of B bounded, T>{B) is the classical Sobolev space Hq[B) which is defined as the closure 
of C^{B) in the sense of the Sobolev norm 

^ ^ (llVV'lli + UWiy^^ in the Sobolev space H^{B). We 
first give a relation between Hq{B) and H^{W^) in the case of a C^-boundary. 

Lemma 5.1. Let B CM."^ be an open bounded set with -boundary. Let ijj G H'^{W^) such that tp = 
a.e. on B^. Then the restriction of to B lies in Hq{B). 

Proof. Our proof is an adaptation of the proof of Theorem 3 in |Ev98l Section 5.3.3]. First we pick, 
for any e > 0, a function ip^ G C°°(M'^) such that (/j^ ^ "0 as e J, in the Sobolev norm, and such that 
supp((/9£) is contained in the open e-neighbourhood of which we denote by B[e\. 

Fix G dB. Since dB is C^, there are r > and a C-'^-function 7: R"'^-'^ — > M such that 

B n B{iP, r) = {x e -B(x°, r) : xi < 7(x2, . . . , x^)}. 

Let V = B r\ B{x^ ,r /2). For e > define ip^: : V ^ W hy tpei^) = fe{x + eAei) for x G F, where ei 
denotes the first unit vector and A > 1 is chosen such that supp('i/'e) C U. Then ij:^ G C^{V). Now 
the continuity of the L^-norm under translations shows that lime|o llV'e ~ V'ellHi(V') — 0- In particular, 
we have that -0^ — > ■0 in H'^iV). 

Now the rest of the proof is as in the proof of Theorem 3 in |Ev981 Section 5.3.3]. Indeed, using the 
compactness of dB, we find a finite covering of dB with balls Bi, . . . ,Bf^ in which dB can be mapped 
differentiably onto a hyperplane. Within the ball -Bj, we can approximate ip for any i in iJ^-norm 
by a C°°-function ■0*'^ whose support lies within B. Extend the covering of dB to a covering of B 
by adding a suitable open set Bq whose closure is contained in B. On Bq, we can approximate ijj 
in i/^-norm by a C°°-function ■0'°^ with support within B (use Theorem 1 in |Ev98l Section 5.3.3]). 
Now pick a smooth partition of the unity, (Ci : i = 0, . . . , N), subordinated to the covering Bq, . . . , Bj\f 
of B, and put if = '^j^o^'^'Ki- It is then easily seen that if lies in C^{B) and approximates in 
i?^(i?)-norm. This completes the proof. □ 

In the case that B = W^, the space P(M'^) = D'^{R'^) is the space of functions / G LJ^^(]R'^), which 
vanish at infinity, i.e., {x G M"^: |/(x)| > a} has finite Lebesgue measure for any a > 0, and whose 
distributional gradient is in L^(]R°'). Now we collect some sequential compactness properties of the 
space V{B). 

Lemma 5.2. Suppose {'tpk)km is a sequence in V[B) such that (||VV'A:||2)fceN is bounded. Fix any 
q G (1, 2d/{d — 2)) for d > 3 and any q > I for d < 2. Then there exists tp G 'T>{B) and a subsequence 
{tpkj)jeN such that Vipk. Vip weakly in L'^{B) and ipj.. tp locally strongly in L'^{B). 

Proof. Let us recall standard Sobolev inequalities, see |LL01l Theorems 8.3, 8.5]. There are positive 
constants Sd for d > 3 and 5*2 r for r > 2 such that 



Sd\mld/(d-2) < II will, ford>3,^PeD^ 

S2,rmr < llV^lli + 11^^111, iord = 2,i^eH\R''),r>2. 



We first consider the case B = M.'^. In particular, d > 3. Fix 1 < q < 2d/ {d — 2) and apply 
Holder's inequality and Sobolev's inequality to get, for any bounded measurable set yl C M'^ and any 

^ G D^{R'^), 



2d-dq + 2q i Ir, 2d-dq + 2q 
, ,, , ,, l/^T - ' 



IIV'IaII, < llV'll2d/(d-2)Leb(A)^^ < ||VV||25/'^Leb(^)^^, (5.2) 
where Leb denotes the Lebesgue measure. 
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Now suppose that {ipk)keN is a sequence in D^{M.'^) such that (||V^/^fc||2)fceN is bounded. The estimate 
in (|5.2|) shows that (V'fc)fceN is locally bounded in L'^[W^). By the Banach-Alaoglu Theorem, there is 
a subsequence (V'fcj)ieN which converges to some ip E L'^(R'^) locally weakly in L'^{W^) and Vipkj —>■ u 
weakly in Li^iW^) for some u G L'^iW^). By jLLOll Theorem 8.6], the subsequence converges even 
locally strongly in L'?(M'^), and u = Vtp. This completes the proof for B = M*^. 

Now we turn to the case of bounded B, for general d > 1. For any t/j G L^{B) we define the extension 
■0* G L2(M'^) by = for X B and = V'la;) for x e B. Then, for V G Hq{B) we 

have VV'* = (VV')*- Indeed, let (/9 G C^{B) be any test function and jpn £ C^{B) be a sequence of 
functions approximating if; in the norm of Hq{B). Then, applying partial integration to test functions, 
for all 1 < i < d, 

J ^dxj'* Jb OXj u^ooJb oxj u^coJb oxj Jboxj J axj 

This fact will be used in the sequel mostly without further notice. It implies, for instance, that 
Sobolev's inequality 1)5.11) is applicable to functions in 'D{B) = Hq{B). 

Suppose that {ipk)k€'M is a sequence in Hq{B) such that (||VV'fc||2)fceN is bounded. In the case d > 3 
and 1 < q < 2d/{d — 2), similarly to ()5.2|) . one derives that {tpk)kGN is bounded in L'^{B). By the 
Banach-Alaoglu theorem in the space Hq{B), a subsequence converges weakly to some tp G Hq{B), 
and the rest of the proof is as above in the case B = W^. 

In the case d < 2, fixing any g > 1, we first argue that there is a constant C > (depending only on 
B and q) such that 

\mg<C\\ViP\\2, for any iP e H'oiB). (5.3) 

In order to prove 1)5. 3() in d = 2, use Holder's inequality and the Sobolev inequality in 1)5. 1|1 to obtain, 
for any tjj G Hq{B) and any r > 2, 

ml < imiLehiB)'-'/^ < ^^2^M:^{\\v^\\i + n^n^). (5.4) 

'-'2,r 

It is known pXHTl Theorem 8.5] that 1/S2,r < (^^(r - 2)/[(r - l)87r])i-2/'-/(^ _ ly a Taylor ap- 
proximation for r I 2 shows that the quotient on the right side of (|5.4() is smaller than one for r > 2 
sufficiently close to 2. For this r, (|5.4|) can be solved for HV'lli) and we obtain the existence of a 
constant c > such that HV'lli ^ cUVV'Hi- Use this estimate on the right hand side of (|5.1() for r = q 
to obtain that ()5.3)) holds for some C > 0, only depending on B and q. 

In order to prove 1)5. 3() in d = 1, we use the simple inequality 

1/(^)1' < ll/'Ibll/lb, for f GH\R),xeR, (5.5) 

see e.g. |LL011 Theorem 8.5(6)]. Now assume q > 2. Raising (|5.5() to the power q/2 and integrating 
over B, we get, for / G Hq{B), 



< ||/'||2 II/II2 Leb {Bf/" < Wf'h 11/11, Leb (5) V'/+i/2, 

where we used Holder's inequality in the second step. This shows 1)5. 3|) in the case q > 2. The general 
case follows by a further application of Holder's inequality. 

The remainder of the proof in the case d < 2 is as above. □ 

Recall the definition of the energy of a measure from (|4.1|) . The following connection between the 
energy of functions in T){B) and the energy of measures will be important. 
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Lemma 5.3. For any (positive) absolutely continuous measure fj, £ M{B) whose support is a com- 
pact subset of B and whose energy H/iHl is finite, the function ip = lies in 'D{B) and satisfies 

il|vvili = IHI|. 

Proof. Let us look at bounded B first. From (|5.2() in the case d > 3 and from ()5.3|1 in the case d = 2 
we get that for some c> we have ||V/||| > c||/||^, for all / £ H^{B). By IHH Proposition 2.5.1], 
this coercivity condition implies that ^/^ G Hq[B) and ^||V^/^||2 = ||/^||e) ^ claimed. 

Suppose now that B = M"*, d > 3. Choose n G N so large that the open centred ball B{0,n) contains 
the support of /x. The first part shows that the function ■0„ = 2l„(^), defined with the operator 2t„ 
associated with the Green function G„ on -6(0, n), lies in Hq{B{0, n)) and satisfies ^IjVV'nlli = II/^IIe n' 
where the energy || • is taken with respect to the domain B{0,n). We can extend each ipn by 
zero to the whole of M" and call the extension ipn again. As n t oo we have = 2t„/i t 21^ = ip 
and ||V^„||2 = (/i,2l„/i) j {fi,^fi) = From this, in combination with LemmaEH we see that 

ip G Z)i(M'^). 

Finally, we have to show that lim„i-co llV^'nlb = ll^V'lh- For this, it sufficient to show that 
lim^^^loo ||V(V'n — V'm)!!! = 0- Use partial integration (see |LL011 Theorem 6.21]) and the facts 
that —^Aipn = /i on B{0, n) (as in [LLOU Theorem 6.21]) and ipm = 2tm/i to see that, for any n > m, 

i||V(V^„ - i^m)\\ = lllVVnIla + ll|V^™||i - / VVn • V^™ = ||^|||„ + IImIII,™ + (AVn,V'm) 

JB{0,n) 

= {H,^nlj) + (^,2lm,/U) - 2(^,2lm^) = (/i, (2tn - 21^)/^) 

n{dx){Gn{x,y) - Gm{x,y))ti{dy), 

where Gn denotes Green function of B{0,n). By Lebesgue's theorem, the right hand side vanishes as 
n,m 1 oo. □ 
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